We derive the first two terms in an ε-expansion for the invariant measure of a class of semilinear parabolic SPDEs near a change of stability, when the noise strength and the linear instability are of comparable order ε 2 . This result gives insight into the stochastic bifurcation and allows to rigorously approximate correlation functions. The error between the approximate and the true invariant measure is bounded in both the Wasserstein and the total variation distance.
Introduction
The concept of stochastic bifurcation is still a topic of ongoing research, and there are several open questions on the effect of small additive noise on a deterministic bifurcation. The only fairly complete picture available so far applies to pitchfork bifurcations in one-dimensional stochastic ordinary equations (SODEs), see [CIS99] for a classification of bifurcations. There exist several concepts of bifurcation within the framework of random dynamical systems, and we are not going to discuss them in detail here (see e.g.
[Arn98] for an overview). One such concept is a phenomenological bifurcation, where the density of a unique invariant measure changes its structure (e.g. number of maxima).
For one-dimensional SODEs there is the result of [CF98] showing that only a phenomenological bifurcation can occur. Their result mainly rules out changes in the structure of the random attractor, which would be a dynamical bifurcation, in the sense of [Arn98]. However, there are no known analogs of these results for SPDEs. Only for monotone SPDEs results are established ruling out the possibility of a dynamical bifurcation (see [CCLR] ). The question of defining the analog of a phenomenological bifurcation in this setting is completely open, one problem being the lack of reference measure in infinite dimensional spaces.
Our result approximates the fine structure of the invariant measure. This can be used to describe phenomenological bifurcation for SPDEs. The main tool is a multiscale approximation of the dynamics using amplitude equations. This is a fairly natural approach, as the separation of time-scales is naturally present in a neighbourhood of a deterministic bifurcation.
The amplitude equation is a stochastic ordinary differential equation describing the dynamics of the dominating modes of the SPDE living on a much slower time-scale. A rigorous justification of the approximation of solutions of SPDEs by the solutions of the corresponding amplitude equation was obtained in [BMPS01, Blö03a] . Unfortunately, these results were only capable of describing the transient dynamics of the SPDE, i.e. the dynamics on time scales of the order of the characteristic time of the linear instability. However, we show in this paper that the amplitude equation is also able to describe the long-time behaviour of SPDEs. Our main results show that we can approximate the invariant measure of the original SPDE at first order by the invariant measure of the amplitude equation, which is supported on a finite dimensional subspace. Furthermore, we show that the second order correction is given by a Gaussian measure supported on the orthogonal complement of that space. Note that in the deterministic case, the approximation of solutions to PDEs by the solutions of a suitable amplitude equation is well understood. In particular, the case of unbounded (or very large) domains, which is beyond the scope of this paper, can be justified rigorously, see e.g. [KSM92, Sch96] .
Let us now make the considerations above more precise. We consider in this paper SPDEs of the type
where L is a dissipative operator with finite dimensional kernel, ε 2 Au is a small (linear) deterministic perturbation, F is a stable cubic nonlinearity, and ξ is a Gaussian noise which will be taken to be white in time and can be either white or coloured in space.
There are many examples of equations of that type in the literature. For instance, the well-known Ginzburg-Landau equation
and the Swift-Hohenberg equation
which was first used as a toy model for the convective instability in a Rayleigh-Bénard problem (see [HS92] ), fall into the scope of our work for suitable choices of the parameters ν and σ . Both equations are considered on bounded domains of R n with suitable boundary conditions (e.g. periodic, Dirichlet, Neumann, etc.). The boundedness of the domain is essential, since all of our proofs rely on the existence of a spectral gap of order one in the linear part. Another example arises in the theory of surface growth in the model of Lai and Das-Sarma [LDS91]. Here h is the height-profile of a growing surface given by
subject to periodic boundary conditions on a square and vanishing spatial mean for h. In all of these examples, we have to assume some additional spatial regularity for the noise ξ if the dimension of the underlying space is greater than 1.
Remark 1.1. The relative intensity of the noise and the deterministic perturbation in (1.1) required to see both effects on the invariant measure is different from the scaling considered e.g. in [Fre98] . This is because of the fundamental difference in nature between
